Introduction
If D is a division ring finite-dimensional over its center F , and the field F has a Henselian GD 0 = D and the grade group of GD is precisely the value group ¢ D of D. Furthermore, GD is a graded division ring, i.e., its homogeneous elements are all units. In addition, as shown in [B 2 ], the total ordering on ¢ D allows one to define a valuation on GD which extends to the ring of quotients QGD of GD, which is a division algebra. The valued division algebra QGD is usually not isomorphic to D, not even after Henselization, but we will see that their structures are closely related. The very presence of a valuation on QGD suggests that not so much is lost in the passage from D to its graded ring GD, even though GD appears to have a much simpler structure than D.
We will show, in fact, that if D is tame then it is completely determined by GD, and its subalgebra structure is faithfully mirrored in that of GD.
Specifically, let TBr(F ) denote the tame part of the Brauer group of the Henselian field F , and let GBr(GF ) denote the graded Brauer group of the graded field GF determined by the valuation which is somewhat delicate. In §2 we prove properties for graded division algebras which are analogous to known properties of tame valued division algebras. This is used in §3 to prove a cohomological characterization of the graded Brauer group GBr(R) of a graded field R. In §4, we show how to get back and forth between tame valued division algebras and graded division algebras. If we start with a graded field R with totally ordered grade group ¢ R , then GHR = g R (graded isomorphism) canonically, where GHR is the graded field obtained from the valuation on the Henselian field HR obtained from the valuation on the quotient field of R determined by the grading on R. But, if we start with a Henselian valued field F , and take the Henselization HGF of the quotient field of the graded field GF (with respect to the valuation determined by the grading on GF ), where GF is built from the valuation on F , then usually HGF F . (These fields need not even have the same characteristic.) Nonetheless, we prove in Th. 4.4 that TBr(HGF ) = TBr(F ). In §5 we prove the isomorphism TBr(F ) = GBr(GF ) mentioned above, and the correspondences between tame subalgebras and graded subalgebras. Finally, the compatibility with the corestriction is given in §6. §1 Graded division algebras and graded central simple algebras
We begin by setting up notation and recalling some results about graded division algebras and graded central simple algebras. Except for the graded Skolem-Noether theorem, Prop. 
all the homogeneous components of s lie in S). Note that if S is a graded subring of A, then its centralizer C A (S) is also a graded subring of A. In particular, the center of A,
is a graded subring of A. A (left, right, or two-sided) ideal I of A is said to be homogeneous if 
all but finitely many f = 0, and f = f . In particular, for any finitely-generated graded left
One can see that this gives a grading on M U A N by observing that the corresponding grading on M U A 0 N is clearly well-defined, and the grading on
For example, suppose F is a graded free right A-module of finite rank, i.e., F is graded right A-module which is free as an A-module with a finite base
if we ignore the grading, and by convention End A (F ) acts on F on the left. In this isomorphism the ij-
. So, when we take the grading into account, we find that
where M n (A)(d) means n × n matrices over A but with the degree of the ij-entry shifted by
For future reference, we point out a few elementary properties of these shifted graded matrix rings. Let A be any graded ring. Then,
(The order of the terms is immaterial, in view of (1.3).)
where F is a graded free graded right A-module with homogeneous base
showing (1.5). 
must be a division ring, and for each 9 ¢ E , the group E £ is a one-dimensional left and right vector space over E 0 . Note further that every graded left (resp. right) E-module M is a graded free E-module (cf. [B 1 , Th. 3, p. 29] ). For, it is easy to check that a maximal homogeneous Elinearly independent subset of M is actually a base. We call M a graded vector space over E, and write dim E (M ) for the rank of M as a graded free E-module. (This is well-defined, since one can apply the usual exchange argument to see that any two homogeneous bases of M have the same cardinality.) Note that if N is a graded submodule of M , then
(1.6) Let R be a graded field. A graded R-algebra A is graded ring which is an R-algebra such that the associated ring homomorphism
, as R is a graded field. We have A 0 is an R 0 -algebra. Also, while ¢ A need not be a group, it is a union of cosets of the group ¢ R in some ambient torsion-free abelian group ¢ 3 . We write
It is easy to check that 
Corollary 1.2 (cf. [B 2 , Prop. 5.1]). Let A be an algebra over a graded field R. Then, A is a GCSA over R i q p A is both an Azumaya algebra over R and also a graded R-algebra.
Proof. Suppose A is a GCSA over R. Then, A is a free R-module of finite rank, and the graded
is injective, since the domain is graded simple by Prop. 1.1, and surjective by dimension count (using (1.6)). Hence, by [DI, Th. 3.4, p. 52], A is an Azumaya algebra over R. Conversely, suppose A is an Azumaya algebra over R such that A is also a graded R-algebra. We identify R with its gr-isomorphic copy in A. Since A is Azumaya over R, by [DI, Prop. 21, p. 47; Cor. 3.7, p. 54] , A is a finitely-generated R-module, so [A : R] < b , and Z(A) = R, and every ideal I of A has the form I = A(I ' R). If I is a homogeneous ideal of A, then I ' R is a homogeneous ideal of R. Hence, A is graded simple since R is graded simple. r
A graded central division algebra (GCDA) over a graded field R is a GCSA E over R such that E is also a graded division ring. Observe that the usual matrix calculations show that for any GCDA E over R, any n, and any
Our next proposition is the graded Wedderburn theorem, which says that all GCSA's over R have this form. 
Proposition 1.3. Let A be a GCSA over a graded field R. Then, (a) There is a GCDA E over R such that
A = g M n (E)(d) for some d = ( 1 , . . . , n ). Moreover, if A =g M n 0 (E 3 )(d 3 ) for some GCDA E 3 over R, then n 3 = n and E 3 =g E.
(b) Every graded left (or right) A-module is a direct sum of graded simple A-modules. (c) If L is a minimal nonzero homogeneous left ideal of A and N is a graded simple
Since L is a graded simple A-module (i.e., it has no nonzero proper graded A-submodule), the graded Schur's Lemma shows that E is a graded division ring, and 
an isomorphism since im( ) and ker( ) are graded submodules. Since shifts degrees by deg(b), we have N =g s −deg(b) (L). This yields (c) and also the uniqueness part of (a). For, if
is the set of first columns of elements of For any GCSA A over R, we define the Schur index of A, ind(A), analogously to the ungraded case:
The graded Wedderburn theorem yields a description of ¢ A and of A 0 for a GCSA. Let
be the distinct cosets of ¢ E of the form i + ¢ E , 1 a i a n, and for each W let r be the number of i with
Proposition 1.4. Let E be a graded division algebra, and let
, with the r i as defined above. In particular, A 0 is simple
Proof. (a) is immediate from the description of the grading on M n (E)(d) (see (1.2)). For (b), observe that by (1.3) and (1.4) above, 
The double centralizer theorem is also available in the graded context: Proposition 1.5. Let A be a GCSA over a graded field R and let B be a graded simple graded
This is proved analogously to the ungraded version. We give a sketch. Let L be a minimal homogeneous left ideal of A, and let E = End A (L), so E is a GCDA over R and A =g End E (L) as we saw in the discussion of Prop. 
given by b U c© bc is injective as its domain is graded simple by Prop. 1.1, and surjective by dimension count.
There is a partial graded analogue to the Skolem-Noether theorem theorem. One would prefer to be able to conjugate a GCSA by a homogeneous unit, since then the grading is preserved. We will see that this is possible in some significant cases, but not always. 
For part (b), observe first that if the a of part (a) is homogeneous, then a −1 is also homogeneous, so conjugation by a is a graded automorphism of A. Since this map sends B to B 3 , it also sends C to C 3 . Hence, we can take to be the restriction to C of conjugation by a. Conversely, suppose there is : 
Let B be the copy of B 1 in A given by the first graded isomorphism, and B 3 the copy of B 1 in A given by the second. Let R = £ ¤ § ¦ R R £ be a graded field (with ¢ R torsion-free, as we are always assuming), and let E be a GCDA over R. In this section we will describe some properties of E which are analogous to known properties for tame division algebras over a Henselian valued field. We will use them in §3 in proving a cohomological characterization of GBr(R), see Prop. 3.3 below.
Before considering an arbitrary GCDA over R, we note a couple of extreme cases. First, a GCDA I over R is said to be unramified ( between isomorphism classes of unramified GCDA's over R and isomorphism classes of central division algebras (CDA's) over R 0 . Also, if S is a graded R-subalgebra of I, then ¢ S = ¢ R , so S = S 0 U R R. Thus, graded R-subalgebras of I are in canonical one-to-one correspondence (not just up to isomorphism) with R 0 -subalgebras of I 0 .
At the other extreme, a GCDA T over R is said to be totally ramified 
